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Abstract of the Dissertation

Control and Learning in Biological Systems

by
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Prof. Eduardo D. Sontag, Advisor

Theory and practice are the two fundamental tools in engineering and scientific research.
With a great increase of quantitative experiments in biological systems over the past decades,
mathematical modeling is able to enhance predictions and generate new hypotheses. A “good”
model of a system, that is expected to reproduce the experimental observations, is capable of making
predictions outside the previous experimental settings. However, the accuracy of predictions based
on mathematical models highly depends on the assumptions used to model the system. The objective
of this study is to explore possible approaches to deploy such models in order to find new hypotheses
to be tested in future experimental settings. From the lens of control and decision-making, a few
biological systems relevant to chemotherapy, immunotherapy, and epidemics are considered in this
work. Models are analyzed numerically and analytically in order to enhance the outcome of the
system with a new control/decision. A new dosing plan for chemotherapy is identified and evaluated
via in-silico experiments to optimally reduce the tumor volume at the end of the plan. The new dosing
plan consists of two doses starting with a small dose at the beginning of the plan and an increased
dose after a few weeks. Unlike traditional chemotherapy plans currently used, the proposed plan is
neither a maximum tolerated dose, nor a metronomic/intermittent plan. Moreover, epidemic models
under social distancing guidelines are studied. Considering a single interval social distancing based
on the start time and the duration of the social distancing shows a linear relationship between optimal
timing of the social distancing. Models analyzed in this work are generic and applicable to wide a
range of applications.
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Chapter 1

Background

The goal of scientific research is to advance knowledge that does not exist in the literature.
Research process starts with a specific question and proposing a hypothesis to answer it. Hypotheses
are formed to come up with a solution to an unmet need, or in order to have a better understanding
of a phenamena. The next step is testing the proposed hypothesis, which can be done in two ways.
Finding an available data set based on previous experiments which can be used to evaluate the newly
generated hypothesis, or disigning a new experiment that can generate sufficient data for evaluating
the hypothesis.

An in depth understanding of the scientific subject is necessary to come up with a new
hypothesis or a new experiment design. Models are usefull in providing a simpler representation of a
realworld phenamena, to have a better understanding and easy to test envonriment for creativity. In
architecture, models are physical or computational 3D representation of a proposed building design to
increase the construction speed and make the planning easier. In computing, emulators are hardware
or software models the enable one computer to acts like another system. In biology, animal models are
frequently used to create a realistic environment for biological experiments such as, immune cell and
tumor, pharmacokinetics of a drug, or disease progression. In dynamic systems, mathematical models
can be defined with Ordinary Differential Equation (ODE) to represent a mechanistic representation
of the system. Mathematical models can be also defined in numerical formats such as, agent based
models, and artificial neural networks. The creation of scientific fields like theoretical biology, math
biology, systems biology, computational biology, or systems and computational medicine are all
based on using mathematical models in theoretical studies of biological systems. These studeis are
interdisciplinary and require collaboration of people with different backgrounds. A simple analogy

is that, understanding biology requires chemistry, understanding chemistry requires physics, and
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understanding physics requires math.

The objective is to perform numerical and analytical analysis from the control theory
perspective. The techniques used in control theory, which deals with the control of dynamical
systems in engineered processes and machines, can be applied to mathematical models of biological
systems. Medicine can be thought as a control input for a biological system like an animal or a
human. Also, considering the spread of an epidemic disease in a society as a biological system,
Nonpharmaceutical Intervention (NPI) like social distancing can be thought as a control input. The
following section is about the role of mathematical modeling in theory and practice. A couple of
well-known examples are discussed to illustrate the importance of modeling in scientific research.

The focus and organisation of this study is discussed at the end of this chapter.

1.1 Theory and practice

Theory and practice are the two fundamental tools in scientific research. Classic biology
has been thought as a practical science. With a great increase of quantitive experiments in biological
systems over the past decates, more theoretical studies are possible in biology.

Figure [2.5a] presents a visual representation of the connection between theory and practice.
In theory, models that are based on the existing knowledge (data) are being used in order to come up
with new hypotheses. Some of the newly generated hypothesis can be tested by using the existing
data, which is common in data science. Other hypotheses require a new data set being generated for
testing. In practice a hypothesis that is formed based on the existing knowledge, have to be tested
with a new experiment design. In the following, two of the most important scientific discoveries as

an example of the presented analogy between theory and practice.

1.1.1 Gravitational waves

By considering models as a framework to generalize the previous experimental data. One
could have the power of predicting the results of experiments that has not existed before. The
discovery of gravitational waves is one the most important examples for models that could predict
above and beyond the present data.

Gravity has been the most basic and mysterious force in physics. Understanding gravity
is one of the examples that started with theory and mathematical models. Einstein predicted

gravitational waves in 1937 [1]] based on his theory of relativity. But the universe’s gravitational
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Practice

Figure 1.1: Theory and practice in research: In practice, the left circle, the objective is to come up
with a new experiment design that can produce a data set for answering a scientific hypothesis. In
theory, the right circle, the objective is to use a model that reasonably represents the existing data to
come up with new predictions and hypotheses. In data science, the objective is to come up with new

hypotheses that can be answered with the existing data sets, which is becoming more popular.
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waves have not been detected until 2015, when a large group of researchers used Laser Interferometer

Gravitational-Wave Observatory (LIGQ), and they recieved the 2017 Nobel prise in physics.

1.1.2 Genetic heredity

A scientific descovery without a proper model is missing a key feature. Genetic heredity is
one of the most imporant examples for this scenario. Hypothesis could be frequently made from the
data, but whether the hypothesis is true or not requires regorious analysis. Statistical analysis, that
are based on statistical models, are frequently used in data science to answer hypothetical questions
from the data.

Mendel used pea plants for cross-breeding experiments to discover the fundamental laws
of genetic inheritance [2]. The discovery of the law of segregation, the law of indepdents assortment,
and the law of dominance took him eight years, when he grew over 10,000 pea plants to track their
genetic heredity. Mendel’s dicovery was not widely accepted in scientific communities until Fisher

pushlished a statistical analysis of Mendel’s data [3]].

1.2 Focus of the dissertation

Trial and error has been the fundamental method in practice. Trial comes from the Anglo-
French trier meaning “to try”, and error means “a mistake”. The procedue of trial and error strats
by testing a hypothesis that might pass or fail, and iterating over modified versions of the starting
hypothesis until it gets to a desired solution. The focus of this work is to utalize mathematical models
in order to speed up the trail and error process. The number of possible experiment designs are
often at a combinatorial scale, and mathematical models are necessary to bring more insight into the
problem to optimize the number of tries.

Most achievements of biotechnology in pharmaceutical industry on platform thinking.
platform is a machine that could automatically repeat exeriments with the desired inputs. Platforms
are automated systems that enable scientist to make new discoveries with more depth, and speed. In
other words, if the left hand side of Figure (practice) is automated then scientist could spend
more time on biology, the right hand side of Figure (theory), to deepen their understanding to
make new discoveries. The focus of this dissertation is the theoretical aspect of biological discoveries.
For example, performing feasability study to answer hypothetical questions of the experimentalists,

or optimization study to identify what changes of the input could optimize the objective.
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1.3 Organization of this work

Each of the following chapter in this work constits of using mathematical models for
control of a biological systems. The contributions made in this work are both mathematical and
computational based on the very specific applications. Each chapter is written independently. While,
the models used here are considered to be generic and applicable to applications outside the focus of
each study. The reader is encouraged to consider specific chapters of their interest.

Chapter[2)is based on a dynamic model of traslation process, Ribosome Flow Model (REM).
This project started by a question from one of the experimentalist, who thought it could be possible
to change the inflow/outflow rates of ribosomes experimentally, and asked if the mRNA translation
speed can be increased by using a periodic input. Early numerical results of the model was not in
favor of periodic inputs. Meanwhile, theoretically it become an interesting tast to prove that constant
inputs are always better for such a system. The rest of this dissertation is less theoretical. Chapter @]
discusses social distancing in compartmental epidemic models. Chapter [3is dedicated to bispecific

T-cell engagers.



Chapter 2

Periodic Flow of Ribosomes

This chapter is based on a compartmental model for ribosome flow during RNA translation
called the Ribosome Flow Model (REM)). This model includes a set of positive transition rates that
control the flow from every site to the consecutive site. It has been shown that when these rates
are time-varying and jointly T-periodic every solution of the converges to a unique periodic
solution with period T. In other words, the entrains to the periodic excitation. In particular, the
protein production rate converges to a unique T-periodic pattern. From a biological point of view,
one may argue that the average of the periodic production rate, and not the instantaneous rate, is the
relevant quantity. The problem that this chapter investigates can be roughly stated as: can periodic
rates yield a higher average production rate than constant rates in REMP This question is regoriously
formulated and shown via simulations, and rigorous analysis in one simple case, that the answer is

no.

2.1 Introduction

Transcription and translation are the two major steps of gene expression, that is, the
transformation of the information encoded in the DNA into proteins. During translation complex
molecular machines called ribosomes traverse the mRNA molecule, “read” it codon by codon, and
generate the corresponding chain of amino-acids [4].

New imaging techniques [5H8]] and empirical approaches [9-14] for studying gene ex-
pression provide unprecedented amounts of data on the dynamics of translation. This increases the
need for mathematical and computational models for ribosome flow that can integrate, explain and

make predictions based on this data (see the reviews [[15H17]]). Mechanistic models are particularly
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Figure 2.1: A visual represenation for Ribosome Flow Model (REM)).

important in biotechnology and synthetic biology, as they allow to predict the effect of various
manipulations of the biological machinery [18}19].

The REMlis a deterministic model for ribosome flow [20]. It can be derived via a dynamic
mean-field approximation of a fundamental model from statistical physics called the Totally asym-
metric Simple Exclusion Process (TASEP) 15} [21]]. In particles hop randomly along a chain
of ordered sites. A site can be either free or contain a single particle. Totally asymmetric means that
the flow is unidirectional, and simple exclusion means that a particle can only hop into a free site.
This models the fact that two particles cannot be in the same place at the same time. Note that this
generates an indirect coupling between the particles. In particular, if a particle is delayed at a site for
a long time then the particles behind it cannot move forward and thus a “traffic jam” may evolve.

The REMlis a compartmental model with n sites. The state-variable x;(¢), 7 = 1,...,n,
describes the density of particles at site ¢ at time ¢. This is normalized so that z;(t) = 0 [z;(t) = 1]
means that site 7 is completely empty [full] at time ¢. The state-space is thus the closed unit
cube [0, 1]™.

The dynamics is described by n first-order ODEs:

x']_(t) = )\0(1 — xl(t)) — )\1331(75)(1 — $2(t)), (2.18.)
xk(t) = )\k7137k71(t)(1 — xk( )) /\kwk( )(1 — karl(t)) 2 < k <n-— 1, (2.1b)
dn(t) = Anc12n-1 () (1 = Tn(t)) = Anzn(t). (2.1¢)

Here )\; > 0 is a parameter that describes the transition rate from site ¢ to site ¢ + 1, with \g [A,]
called the entry [exit] rate. Eq. can be explained as follows. The flow from site & to site k + 1 is
given by A,z (1 — xp41), i.e. it increases when site & becomes fuller and decreases when site k& + 1
becomes fuller. This is a “soft” version of simple exclusion. The production rate at time ¢ is the rate
of ribosomes exiting site n, that is, R(t) := A, (t). Figure 2.1]is a visual represenation of REM]
In the context of mRNA translation, the \;’s depend on various biomechanical properties

for example the abundance of tRNA molecules that deliver the amino-acids to the ribosomes. A
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recent paper suggests that cells vary their tRNA abundance in order to control the translation rate [22]].

Note that if A is small for some £ then the flow from site k to site k + 1 will be small,
so site k fills up, that is xy(t) will be close to one for all ¢ sufficiently large. Consequently, the
flow A\g_12%_1(1 — ) from site k& — 1 to site k will become small and then site £ — 1 fills up. In
this way, a traffic jam may evolve behind a “bottleneck” site. The implications of such traffic jams in
various biological transport processes is recently attracting considerable interest (see, e.g. [23}, 24]).

It has been shown [25] that there exists a unique e = e(Ao, ..., A,) € (0,1)" such that
any solution of the RFMl emanating from the unit cube converges to e. Thus, the system is globally

asymptotically stable. In particular, the production rate converges to the steady-state value
R := \en. 2.2)

Ref. [26] derived a spectral representation for the steady-state density e and production

rate R. Given the REM] define the (n + 2) x (n + 2) tridiagonal matrix:

[0 A o 0 ... 0 0 ]
N2 0 N 0 .o 0
o AP 0 AN o 0
B = _ . 2.3)
0 0 0 ... XME oo A
Lo 0 0 ... 0 A0

n+2

Note that B is (componentwise) nonnegative and irreducible. Let o > 0 [( € RTj

] denote the
Perron root [Perron vector] of B (see e.g. [27]). Then

Git2

R=c2ande; = — 2=
)‘;/QUCH-l

ci=1,...,n. 2.4)

In other words, the steady-state values can be determined without any numerical simulations of the
dynamics but rather using (efficient and numerically stable) algorithms for determining the Perron

root and vector of tridiagonal matrices. Note that it follows from (2.4) that
R(cho,...,cAn) =cR(Ng,...,\n), foralle >0, (2.5)

that is, the steady-state production rate is positively homogeneous of degree one.
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2.1.1 Example

Consider the with all the rates equal to one. Then B is a tridiagonal Toeplitz matrix

and it is well-known (see e.g. [28]) that its eigenvalues are

km
2 k=1,... 2 2.6
COS(n+3), 9 7n+ 9 ( )
so the Perron root is o = 2 COS(nL—H%)‘ The corresponding Perron vector is
2 (n+2)m T
¢ = [sin(;23) sin(25) ... sin(T)) 2.7
Thus, in this case (2.4)) gives
1 T 9
=_ 2.8
R = 4 (cos(—"=) 28)
and
o = Sit2 (2.92)
oGit1
sin( (Z:f%”)
- N . (i+D)m (2.9b)
2 cos(m) sin( ] )
forall : = 1,...,n. For example, in the one-dimensional case, i.e. £1 = 1 — 27 it is clear that the

equilibrium point is e = 1/2, so R = 1/2, whereas (2.8) yields

1
R=—(cos(Z))"2=1/2, (2.10)
4 4
and (2.9a)) gives
in( 37
o — sin( 4 ) 5 = 1/2. .11

2 cos( %) sin(<f)
2.1.2 Periodic excitation

Biological organisms are exposed to periodic excitations like the 24h solar day and the
periodic cell-cycle division process. Proper functioning often requires entrainment to such excitations
i.e. internal processes must operate in a periodic pattern with the same period as the excitation. An
example is the sleep-wake cycle that entrains to the 24h day.

Ref. [29] studied the REM] with positive time-varying rates that are jointly 7-periodic, and
proved that every state-variable x;(t) converges to a periodic solution with period 7. In other words,

the [REMlentrains. The proof is based on the fact that the [REM]is an (almost) contractive system [30),
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31]]. However, this provides no information on the attractive periodic solution (except for its period).
Obtaining such information is a difficult problem (see [32] and the references therein).

Since any set of jointly periodic rates induces a periodic solution, a natural question is: can
periodic rates yield a higher production rate than constant rates? In this paper, we formulate this

question rigorously, and show that it can be cast as an optimal control problem.

2.1.3 Bottleneck entrance

In an analogous point of view, the REM|can be thought as a “bottleneck entrance”. And
generalized to more applications like traffic systems, and scheduling at security checks with a cascade
of an arbitrary Hurwitz positive linear system. The cascade system etrains i.e. in response to a
T-peridic inflow every solution converges to a unique 7'-periodic solution of the system. And, the
objective would be to choose a periodic inflow rate with a given mean value that maximizes the
average outflow rate of the system when maximizing the throughput is crucial.

The occupancy at time ¢ in such applications can be modeled by the normalized state-
variable z(t) € [0, 1]. In traffic systems, x(¢) can be interpreted as the number of vehicles relative to
the maximum capacity of a highway segment. For the security check, it is the number of passengers
at a security gate relative to its capacity. In biological transport models discussed in the previous
sections, z(t) is interpreted as the probability that a biological “machine” (e.g. ribosome, motor
protein) is bound to a specific segment of the “trail” it is traversing (e.g. mRNA molecule, filament)
at time .

The output in such systems is a nonnegative outflow which can be interpreted as the rate of
cars exiting the highway for the traffic system, or passengers leaving the gate for the security check.
The inflow rates are often periodic, such as those controlled by traffic light signals, or periodic flight
schedules. Proper functioning often requires entrainment to such excitations i.e. internal processes
must operate in a periodic pattern with the same period as the excitation [[33]]. In this case, in response
to a T'-periodic inflow the outflow converges to a T-periodic pattern, and the throughput is then
defined as the ratio of the average outflow relative to the average inflow over the period 7.

As a general model for studying such applications is the cascade of two systems shown in

Fig. The first block is called the bottleneck and is given by:

#(t) = o(t)(1 — (b)) — Aa(t), (2.12a)
w(t) = Aa(t), (2.12b)

10
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o) | t=0(t)1—z)—dz | w® | 2=Az+bw | ¥@)

—> T —>
w = A\r y==cz

Figure 2.2: Cascade system: the bottleneck is feeding a positive linear system.

where o (t) > 0 is the inflow rate at time ¢, z:(¢) € [0, 1] is the occupancy of the bottleneck, and A > 0
controls the output flow w(t). The rate of change of the occupancy is proportional to the inflow
rate o(t) and the vacancy 1 — x(t), that is, as the occupancy increases the effective entry rate
decreases.

A standard notation in this study. Vectors [matrices] are denoted by small [capital] letters.
For a vector x, 2’ denotes the transpose of . To follow the standard practice of identifying any two
measurable functions that are identical except perhaps on a set of measure zero.

Assuming that the inflow is periodic with period ' > 0, i.e. o(t +T) = o(t) forall t > 0.
The occupancy x(t) (and thus also w(t)) entrains, as the system is contractive [34} [35]]. In other
words, for any initial condition z(0) € [0, 1] the solution z(¢) converges to a unique 7-periodic
solution denoted x, and thus w converges to a T-periodic solution w,-.

The outflow of the bottleneck is the input into a Hurwitz positive linear system:

2= Az + bw, (2.13a)
Yy = cTz, (2.13b)

where A € R™*" is Hurwitz and Metzler and b,c € R (see Figure [2.2). It is clear that for
a T-periodic o(t), all trajectories of the cascade converge to a unique trajectory (x,(t), 2,(t))
with z,(t) = 2,(t + T) and z,(t) = 25 (t + T)).

The objective for these applications is to compare the average (over a period) of y(t) for
various T-periodic inflows. To make a meaningful comparison, consider inflows that have a fixed

mean o > 0, i.e

1 T
T/ o(t)dt = 5. (2.14)
0

The objective is maximize the gain of the system from o to vy, i.e to maximize fOT Yo (t) dt for inputs
with mean &.

The trivial periodic inflow rate is the constant rate o (¢t) = . To compare the outflow for
this constant inflow with that obtained for an inflow that switches between two values o and o such

that oo > & > o1 > 0. In other words, o (t) € {01, 02} is periodic and satisfies (2.14).

11
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6/%// bottleneck

(b)

Figure 2.3: Traffic system application illustrating the two strategies. Here z(¢) € [0, 1] denotes the
occupancy of the bottleneck at time ¢. (a) The inflow rate switches via periodically-varying traffic
lights between two flows with rates o1, 02. At each time, either vehicles in the upper lane or vehicles
in the lower lane can enter the bottleneck, but not both. (b) The double lane of each flow is restricted

to a single lane and connected directly to the corresponding lane in the bottleneck.

For the application in traffic system depicted in Figure [2.3] there are two flows of vehicles
with different rates o1, 02 (e.g., cars and trucks) each moving in a separate road and joining into a
two-lane highway. This can be done in two ways. The first is to place traffic lights at the end of
each road, and switch between them before entering the highway as in Figure [2.3|a). The periodic
traffic light signal o (¢) switches between the two flows, hence o (t) € {01, 02}. The second strategy
is to have each road constricted to a single lane, and then each joining the corresponding lane in
the highway as in Figure b). Hence, the inflow rate is constant and equal to (o1 + 02)/2. In
both cases, the occupancy z(t) of the highway is modeled by (2.12a). For a proper comparison,
z fOT o(t)dt = (o1 + 02)/2 as discussed before.

12
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2.1.4 Problem Formulation

For any T-periodic function f, with T > 0, let f := % fOT f(t) dt, that is, the average
of f over a period. Pick a set of rates \;(¢), ¢ = 1,...,n, that are jointly T-periodic (note that a
constant rate is T-periodic for any 7"). This induces a unique 7T-periodic trajectory (t) of the[REM]
and thus a unique 7'-periodic production rate Rr(t) := A, (t)7,(t) [29]. The average production
rate is thus R7. Consider an REM] with constant rates );, i = 1,...,n. Recall that every trajectory
converges to a unique steady-state e and thus to a production rate R := \,e,,.

The question of interest in this study is: what is the relation between R7 and R? Note that
this is a “fair” comparison as we replace every time-varying rate by its average value.

More generally, we can take a set of admissible rates S, 7 that are all jointly T-periodic
and satisfy \; = a;. Recall sup SﬂyT{RiT/ R}, where the sup is with respect to all the (non-trivial)
rates in S, 7, the periodic gain of the[REM|over S, 7. One can argue that the average production
rate over a period, rather than the instantaneous value, is the biologically relevant quantity. Then a
periodic gain larger than one implies that we can “do better” using periodic rates. A periodic gain
one implies that we do not “loose” anything with respect to the constant rates \;(¢) = a;. A periodic
gain smaller than one implies that for any (non-trivial) periodic rate the average production rate is
lower than the one obtained for constant rates. This implies that entrainment always incurs a cost, as

the production rate for constant rates is higher.

2.1.5 Structure of this chapter

The remainder of this paper is organized as follows. Section[2.2]describes some simulation
results for the general Section [2.3] shows that the problem of finding the periodic gain can
be cast as an optimal control problem. This implies that the problem can be addressed using
known and powerful tools from optimal control theory [36-38]]. By applying Pontryagin Maximum
Principle (PMP)) to analyze a particular case, namely, a one-dimensional with a constant A\q

and a time-varying and periodic Ao (t).

2.2 Numerical simulations

To gain a wider perspective, consider the case of a Single-Input Single-Output (SISOJ)
asymptotically stable Linear Time-Inveriant (LTI) system with input [output] u(¢) [y(¢)] and transfer

13
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function G(s). Fix w, a > 0. Suppose that the set of admissible inputs is
{a + bsin(wt) : b € R}.

Note that every input here is T-periodic with T := 27 /w, and that & = a. It is well-known that
for u(t) = a + bsin(wt) the output converges to the T-periodic function yr(t) := |G(0)|a +
|G(jw)|bsin(wt + ZG(jw)), where j := /=1, so g7 = |G(0)|a. On the other-hand, if we
replace u(t) by a constant input with value © = a then the output converges to |G(0)|a. Thus, the
periodic gain for this set of admissible inputs is one and by superposition it is one for any set of
admissible T'-periodic inputs with average a.

Of course, for nonlinear systems, like the the periodic gain may be different than

one. The next example demonstrates this.

2.2.1 Example

Consider the scalar system

#(t) =1 — 2(t)u(t). 2.15)
For
u(t) = 1+ (1/2) cos(wt), (2.16)
with w > 0, the solution is
(1) = expl(—t — 20 40) 1 (1), 1)

where ¢(t) := fg exp(s + %) ds. In particular, for 7" := 27 /w,
2(T') = exp(=T)(2(0) + &(T)). (2.18)
Now determine an initial condition 2(0) = ¢ for which the solution is 7-periodic, that is,
c=-exp(=T)(c+ ¢(T)), (2.19)

SO
B exp(—T)o(T)
= T ep(-T) @20)

Thus, the periodic solution is z7(t) := exp(—t — Sing(jt) )(c+ ¢(t)). It is not difficult to show that

this solution is attractive.
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Figure 2.4: Periodic gain in Example[2.2.1|as a function of w.

On the other-hand, for a constant control with value & = fOT u(s) ds = 1, the solution
of (2.15) converges to the steady-state 1 and thus the periodic gain for the control (2.16) is T =
% fOT xp(t) dt. Fig. depicts 7 as a function of w. It may be seen that the periodic gain is always

larger than 1, and that it approaches 1 as w — oc.

2.2.2 Harmonic functions

The REM] where every rate is a sum of m harmonic functions with random coefficients.

n+1)x(2m)

More precisely, we generated a matrix of random entries P € R( and then set

m
Z Pi2k—1 sin(kwt) + p; o cos(kwt)) 1=0,...,n. (2.21)
k=1

Note that this guarantees that the \;’s are jointly 7T-periodic for T' = 27 /w and that \; = 1 for all 4.
The entries of P are generated randomly with a uniform distribution over [—1/(2m), 1/(2m)], so
that \;(¢) > 0 for all 7 and all ¢.

The REMl with n = 1 is simulated first. Since \; = 1 for i = 0, 1, and example [2.2.1| it
can be concluded that R = 1/2. Fig. depicts a histogram of the average steady-state flow Ry
for m = 3 and 10, 000 random simulations. It may be seen that R is always smaller than 1/2. Thus,
the constant rates yield the maximal production rate.

To explain this, consider the case where \; = 1 and \o(¢) = 1 + sin(wt). Let us compare

this to the case where A\; = 1 and Ao = 1. At times ¢ such that sin(wt) = —1, there is less flow

15
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(a) (b)

Figure 2.5: Numerical simulations: (a) A histogram of R values in the one-dimensional REM] with
random periodic Ao (%) and A1 (). (b) A histogram of Ry values in an[REM]with n = 4 and periodic
rates \;(t),7=0,...,4.

because A\o(t) = 0. At times ¢ such that sin(wt) = 1, there is more flow because \o(t) = 2, but
then A; becomes a bottleneck rate and slows down the flow, and thus on average we don’t gain
enough flow to compensate for what is lost. This might be called the “casino effect”: on average, the
gains are not enough to compensate for the losses.

Consider now an REMIwith n = 4 and constant rates set to one. By (2.8),
1
R= Z—l(cos(wﬁ))*2 ~ 0.307979. (2.22)

Fig. depicts a histogram representation of Ry calculated over 10, 000 simulations of an REM]
with random periodic rates A\o(t), ..., A4(t). It may be seen that Ry is smaller than the value
in (2:22), so again the constant rates are those that maximize the production rate.

2.3 Optimal periodic control

The next goal is to pose the problem of determining the REM] periodic gain as an optimal

control problem. The equations of the REM]can be augmented with an additional state-variable as

16
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follows
4= No(1— 21) — Mz (1 — 29), (2.23a)
Z = Me—126—1(1 — 25) — Apze(1 — 2zp41), 2<k<n-1, (2.23b)
Zn = A—12n-1(1 — z) — An2n, (2.23¢)
R T () ) (2.23d)

Thus, z(t) = fot R(t)dr.Pick T > O0and ay,...,a, > 0, and let S, 7 denote the set of measurable
functions \; : [0,T] — Ry such that \; = a;,i = 0,...,n.

By applying the spectral representation to determine the steady-state production rate R
when \;(t) = a; for all i. Thus, determining the periodic gain is equivalent to solving the following

optimization problem.
Problem 1. Maximize %an(T ) over the set of admissible rates S, T with the boundary condi-
tion z;(0) = z;(T) € (0,1) fori =1,...,n.

The last condition guarantees that we are maximizing the production rate along the (unique)
periodic trajectory. This optimal control problem can be addressed using known tools from optimal

control theory [36-38|]. This special case can be demonstrated as follows.

2.3.1 Thecasen =1

Pick T',ap > 0, and consider the problem of computing the periodic gain of the one-
dimensional RFM with a constant A; > 0 and a time-varying \o : [0, 7] — R with Ay = ag.

Consider first the special case where \o(t) is constant. Then clearly A\o(¢) = ag, and thus

l"l = (10(1 — 1‘1) — )\1:1}1. (224)
The steady-state of this equation is e; = ao?h ,SOR = aﬁf)‘fl .

To study the case where \g(t) is not constant, it is useful to incorporate the constraint Ay =

ap into the dynamics. Thus, the following system is considered.

i’l(t) = )\o(t)(l — xl(t)) — /\1x1(t), (2.253)
(1) = Ao(1), (2.25b)

with the boundary conditions
ﬂ?l(T) == 5[31(0), 332(0) == 0, QSQ(T) == TCLQ. (226)

Fix L > 2aq. Determining the periodic gain is equivalent to solving the following problem.

17
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Problem 2. Find )\ : [0,T] — [0, L] that maximizes the cost functional

1 [T
J = / )\11‘1(15) dt, (2.27)
T Jo
subject to the dynamics ([2.23) and the boundary conditions ([2.26).

The added bound on the size of A\y(t) is needed because the presented solution in this study
is using the PMPL
Note that the model (2.25) can rewritten as a bilinear control system.
i = f(z) + g(a)u, (2.28)

/ /
where u represents Ao, f(x) := [—)\13;1 0} ,and g(z) = [1 — 1 1} . Thus, Problemis a
nonlinear optimal control problem (for other control problems for the REM] see [39]).

The main result of this study can be stated as:

Theorem 1. For any L > 2aq the unique solution of Problem[2is the constant rate:

Ao(t) = ap, (2.29)
and the corresponding optimal cost is:
A1ag
J* = . 2.30
A1+ agp (230
Hence, the steady-state average flow of the system cannot be improved by using a periodic
rate.
The proof of Theorem[I]is based on applying the PMPIto analyze the structure of optimal
controls.

2.3.2 Pontryagin’s maximum principle for periodic trajectories

We apply the to Problem 2| The statement of the in our case is standard, except
perhaps for the constraint that forces maximization over the periodic solution, i.e. z1(0) = z1(T).

Define the Hamiltonian
1
H(u,x,p,po) == (f(x) + g(x)u) + TPO)\lxl (2.31a)
1
= (—p1M1 +poT>\1)551 + (p1(1 = 21) + p2)u, (2.31b)

/
where p(t) := [Pl (t) po (t)] is the adjoint, and py > 0 is called the abnormal multiplier. Note that
we can scale the Hamiltonian by scaling v and A;. Thus, from here on we assume without loss of

generality that A\; = 1.

18
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Proposition 2 (PMP). Let u*(t) : [0,T] — [0, L] be an optimal control for Problem 2| Let x* :
[0,7] — ([0,1] x Ry) be the corresponding optimal trajectory. Let p§ := T. There exists a
function p* : [0,T) — R?\ {0} such that:

1. The functions x*(t) and p*(t) satisfy:

r = aip(u y Ly P 7p0)7 (2.32a)
e CL N Y )k (2.32b)

2. The control u*(t) satisfies
H(s, " (1), 9" (8),05) < Hu* (1), 2" (1), (8),p3) (233)

forall s € [0, L] and almost every (a.e.)t € [0,T] ;

3. The adjoint satisfies the transversality condition:
p1(0) = pi(T). (2.34)

A few remarks will be discussed before proving Proposition 2] First, note that (2.32a)
yields
pi=Q0+upi—1, py=0. (2.35)
so p5(t) = p3(0). Second, define the switching function ¢* : [0,T] — R by
e (t) = (" (1)) g(2" (1)) (2.36a)
= pi(t)(1 = 27(t)) + p3(0). (2.36b)

Note that ¢*(¢) is absolutely continuous. Then (2.33)) implies that

ut(t) = L, e >0, (2.37)
0, ¢*(t)<0.
A calculation yields
¢" =pi(l —27) — p1a] (2.38a)
=pi — 14z, (2.38b)
¢* =pi + 2] (2.38¢)
=1 —2] +p)u—1—2a]+p]. (2.38d)

Note that this implies that (>* is absolutely continuous, so p* € C.
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Proof of Proposition[2] Most of the statements here are the standard It is only necessary to
prove the transversality condition (2.34)), and that p; # 0.
/
Pick S C R*, and suppose that the state must satisfy the constraint |:1'(0) ;p(T)} esS.

Then the transversality condition [37] is

p(0)
—p(T)

1T S, (2.39)

(0)
x(T)

where 7S is the tangent space of S at z. In this case, S = {z € R|z; — 23 = 0,20 = 0, 24 = Tap}.
Hence, 7.5 = span{[1,0, 1, 0]'}. Therefore, it is necessary that p}(0) = p3(T).
Next we show that the abnormal multiplier is not zero. Assume that p;; = 0. Then (2.32a))
yields
P = (1 +u")py. (2.40)
Thus, pi(t) > exp(t)pi(0) for all t > 0. If p;(0) # 0 then this contradicts (2.34), so we conclude
that pj(0) = 0 and thus pj(¢) = 0. This implies that p3(0) # 0, and thus (2.36a) and (2.37)) imply

that w*(¢) is constant. But in this case it is clear that u*(t) = ag. It can be concluded that by

assuming pj; # 0, and by scaling the result is pj = 7. O

2.3.3 The structure of an optimal control

Given an optimal control u*, let

EY :={te€[0,T]:¢"(t) > 0}, (2.41a)
E* = {te[0,T]: o*(t) < 0}, (2.41b)
Ef = {t€[0,T]: ¢*(t) = 0}. 2.41¢)

Note that all these sets are measurable.
The next result analyzes singular arcs. For a measurable set F' C [0, 7], we use u(F) to

denote the Lebesgue measure of F'.

Lemma 3. Suppose that u* is an optimal control such that p(E§) > 0. Then there exists a

unique ¢y € (0, L] such that

u*(t) = cp fora.e. t € Ef, (2.42)
and

* _ €0 *

(1) = [ forallt € B, (2.43)
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Proof. Let E* C E{ denote the set of accumulation points of Ej. Note that u(E*) = p(Eg),
since 5 — E/* is the set of isolated points of £* which is countable, and hence has measure zero.
For t € E*, we have ¢*(t) = 0, so (¢*(t))*) := %gp*(t) = 0 for any integer k£ > 0.

The equation ©*(t) = $*(t) = 0yields pj(t)(1—=7(t)) = —p5(0), and pi () = 1 —x7(1).
It can be concluded that

pit)=1—2zi(t) =, (2.44)

where 7 is a constant. Since z*(t) € (0,1), r € (0,1). Hence, p3(0) = —r? < 0.

Combining with the fact that ¢*(t) = 0 yields

u*(t) = co, (2.45)
where ¢y 1= % Note that since u*(t) < L,

r(1+L)>1. (2.46)

Now (2.44) yields 27(t) =1 —r = {2 O

Note that if (1 + L) = 1 then on any singular arc we have u*(t) = ¢ = L. This case
is “not interesting” as then we can identify the singular arc with a bang arc. Thus from here on the
assumption is that

r(1+1L)>1. (2.47)

The notation B [S] is used to denote a bang [singular] arc. The bang arc can be either B
(i.e. *(t) > 0 on the arc), or B_. The next result considers the concatenation of singular and bang

arcs.
Proposition 4. An optimal control u* cannot contain a concatenation of arcs in the form SBS.

Proof. Suppose that ©* includes a concatenation S BS. It is already known that there exists a unique
value r such that 27 (t) = 1 — 7 and pj(¢) = r on both singular arcs.

Suppose that B = B_. Then &} = —z7 along the bang arc, so x}(¢) strictly decreases
on B_. But this is a contradiction, as z7(¢) must have the same value on both singular arcs.

Suppose now that B = B_. Then
pi=(1+L)p;— 1" (2.48)
along the bang arc. In particular, at the initial time 7 € (0,T") of By,
pi(r) =1+ L)r—1" (2.49)
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and yields pi(7) > 0. Combining this with (2.48)) implies that pj(¢) strictly increases on B

and this is again a contradiction. O
The next result analyzes optimal controls that include two consecutive bang arcs.

Lemma 5. An optimal control u* cannot include any of the following concatenations: B_B, B_,

B_B+S, B+B_B+, and B+B_S.

Proof. Suppose that v* includes B B_. Then there exists 7 € (0,7T) such that ¢*(¢) > 0 for ¢t €
(1 —e,7), and ¢*(t) < 0 fort € (71,7 + ¢), with ¢ > 0. Hence ¢*(7) = 0 and $*(7) < 0.
Combining this with (2.38a)) yields

pi(7) =1+ 2i(7) <0. (2.50)
Forany t € (7,7 + ¢) itis true that u*(¢) = 0, so () = —z7(¢) and pj(¢) = pj(t) — 1. Thus,

x](t) = exp(—(t — 7))z (1), (2.51a)
pi(t) =14 exp(t —7)(pi(7) —1). (2.51b)

Substituting this in (2.38a) yields

5 (1) = exp(t — T)(p}(7) — 1) + exp(—(t — 7))a{(7) 2520
<exp(t—7)(pi(r) — 1+ 25(7)), (2.52b)

where the last equation follows from the fact that along the periodic solution z7(s) € (0, 1) for all s.

Combining this with (2.50) implies that
o*(t) < Oforallt € (1,7 + ¢€). (2.53)

This clearly implies that ¢*(¢) < Oforallt € (7, T]. Thus, the concatenations B4 B_S and By B_ B
are not possible. A similar argument shows that if «* includes B_ B, then the concatenations B_B_, .S

and B_B, B_ are not possible. O
The analysis above implies that the most general form possible for an optimal control is
B15B32Bs, (2.54)

where every B; stands for wither B_ or B,. Our next goal is to compare a control v with such a
structure to the control that includes a single singular arc. To do this, it is necessary to explicitly
compute and compare the cost JJ along such controls. The following lemma is used in the solution of

a scalar switched system.
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Lemma 6. Pick by > by > 0 and a1, as € R. Suppose that starting from y(0) = yo and follow the
dynamics y = a1 —byy fort € [0,t1], witht; > 0, and then switchto y = ag—bay fort € [t1,t1+1t2],
with ty > 0, and such that y(t1 + t2) = yo (that is, the system returns to its initial state). Then

tita(by — b2)(c1 — ¢2)
bit1 + bata

t1+ta
/ y(t) dt < tici +tacs + , (2.55)
0

where ¢; := a;/b;.

Proof. First consider the scalar equation y = a — by, with b # 0, y(to) = yo and y(¢1) = y1. Then

integration yields

t1 t1
Yo = / (a — by(t)) dt = alts — to) — b / y(t) dt, (2.56)
to to
SO .
/ y(t)dt = (t — to)o — L 90, (2.57)
o b b

Now fix b; > by > 0. Suppose that starting from y(0) = yo we follow the dynamics ¢ =
a; —byy fort € [0,¢1], with t; > 0, and then switch to § = ag —boy for t € [t1, t1 +1t2], with to > 0,
such that y(¢1 + t2) = yo. That is, the system returns to its initial state. Then

y(t1) = c1(1 — exp(—bit1)) + exp(—bit1)yo, (2.582)

y(t1 +t2) = co(1 — exp(—bat2)) + exp(—bat2)y(t1), (2.58b)
where ¢; := a;/b;. Denoting y; := y(t1) and using the fact that y(¢; + t2) = yo yields

y1 = c1(1 — exp(—bit1)) + exp(—bit1) (c2(1 — exp(—bata)) + exp(—bat2)y1),  (2.59a)

yo = c2(1 — exp(—bata)) + exp(—bata) (c1(1 — exp(—bit1)) + exp(—bit1)yo) , (2.59b)

SO

(1 — exp(—bltl))(l — eXp(—thQ)).

— Yo = — 2.60
v == (e =) 1 — exp(—bit1 — bat2) (260

It is straightforward to show that for any v, w > 0 we have
(1 = exp(=0))(1 —exp(—w) _ vw o)

1 —exp(—(v+w)) v+w
so we obtain the bound
bibatita

Y1 — Yo < (Cl — 62) (2.62)

bity + boto’
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On the other-hand, (2.57) yields

t1+t2 t1 t1+to
/ y(t)dt = / y(t)dt + / y(t)dt (2.63a)
0 0 t1
=tic1 — Y1~ Yo + toco — Yo=Hh (2.63b)
by by
= tic1 + taca + (y1 — o) (by ' — byY). (2.63¢)

Using (2.62)) and the fact that b; > by > 0 yields (2.55) and this completes the proof.  [J O
The next result completes the proof of Theorem [I}

Lemma 7. If u* has the form [2.54) then u* includes a single singular arc.

2.4 A single stage RFM with two inputs
Consider the scalar system with two inputs over a compact time interval [0, T']:
& =ug(t)(1 —z(t)) — ua(t)z(t),

with the integral constraints fOT ug(t)dt = Ty, fOT u1(t)dt = Tuy. The one-dimensional problem

with integral constraints can be lifted to a three dimensional system with boundary conditions as

follows:
E1(t) = uo(t)(1 — z1(t)) — waz1(?), (2.642)
Ea(t) = uo(t), (2.64b)
ig(t) = U (t) (2640)
with the boundary conditions
l'l(T) = xl(O), $2(0) =0, J}Q(T) = Tuy, 1’3(0) =0, l‘g(T) =Tu,. (2.65)

Given two positive numbers ¢, L with £ < L, the optimal control problem can be stated as

follows:

Problem 3. Find ug,u; : [0,T] — [¢, L] that maximizes the cost functional

T
J = / ul(t)xl(t) dt, (2.66)
T 0

subject to the dynamics (2.642) and the boundary conditions ([2.63).
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The result can be stated as follows:

Theorem 8. For any {, L with 0 < { < tg /(@1 + Uo) < L, the optimal cost for Problem3]is

Jr=__ (2.67)
u1 + uop
and it can be achieved by the following inputs:
ug(t) = o, ui(t) = ur. (2.68)

Remark 1. The control inputs that achieve the optimal cost are not unique, since if the two control

inputs are coupled via the equation ug(t)/ug = ui(t)/uy then system will be given by:

Then any measurable function ugy will achieve J* given in (2.67).

2.4.1 Pontryagin’s maximum principle

Consider Problem (8] let the p(t) = [p1(t), p2(t), p3(t)] be the accompanying co-state

vector. The associated Hamiltonian can be written as:

H = (pr(H)(1 = 21(2)) + p2(t))uo(t) + (21 (D) (1 = pi(t)) + pa(t))ua (t). (2.69)
The time-evolution of the co-state is given by the following ODE:

(uo(t) + u1(t))p1(t) — ui(t)
p= 0 , (2.70)
0

with the boundary condition p; (0) = p;(1).

Hence, two of the co-states are constants and are given by

p2(t) = p2(0), p3(t) = p3(0). (2.71)

In what follows, let 2" := (ug(t), uj(t), z*(t), p*(t)) be an optimal trajectory. We first

state the following lemma:

Lemma 9. Let 2 be an optimal trajectory. Then x5 (t),pi(t) € (LL-M’ H%)for allt € 0, 7).
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Proof. For the sake of contradiction, assume that x(0) > L/(L + ¢). Since ug,u; € [¢, L], the
comparison principle implies #(¢) > 0 for all ¢. Hence x(7") > x(¢), which contradicts x(7") = z(0).
The argument can be repeated if x(0) < ¢/(L+¢). Hence z(0) = z(T) € (LLM, HLL) Now assume
that 3¢* € (0,7) such that z:(t*) > L/L + ¢ > z(T), the same argument shows that x(t) > x(7T)

for all ¢ € (t*,T] which is a contradiction. The argument can be repeated if z(t*) < ¢/(L + ¢). A

similar argument can be made to prove the corresponding statement for p1 (t). O

2.4.2 Characterization of of regular arcs

Rhere are two inputs, so there are two switching functions:

@o(t) = p1(1 —z1) +p2(0) (2.72a)
p1(t) = z1(1 — p1) + p3(0). (2.72b)
A regular arc is one in which the switching functions do not vanish when evaluated at it.

Since the Hamiltonian is linear in the control input, then the optimal control is bang-bang when the

switching function does not vanish. This is stated in the following the Lemma:
Lemma 10. Let 2~ be an optimal trajectory, then if ¢;(t) # 0, i = 0,1 then:

L :pi(t) >0

uj(t) = #ill) : (2.73)
¢ i(t) <0

i.e, u;(t) is a bang-bang control when corresponding switching function does not vanish.

Proof. Without loss of generality, let i = 0. Let o (t) > 0, and let u;(t) < L. However,

H(ug(t),ui(t), =" (t),p™ (1) = @1()ui(t) + @o(t)uo(t) < @1(t)ui(t) + @o(t)L = H(L,ui(t),z"(t),p" (t)),
(2.74)

which violates condition 3 in Proposition 2| Hence, uf(t) < L is not optimal. The same argument
can be applied when ¢ (t) < 0, and also for ¢ = 1. O]

2.4.3 Characterization of of singular arcs

Given an optimal trajectory 2", let

E' = {t€[0,T]: ¢i(t) >0}, (2.752)
E' = {t€[0,T]: i(t) <0}, (2.75b)
El = {t € [0,T]: ¢:(t) =0}, (2.75¢)
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where ¢ = 0, 1. Note that all these sets are measurable.

We also need the time derivatives of the switching functions:

@o(t) = ur(t)(pr — (1 — 21)) (2.762)
@1(t) = uo(t)(1 — 21 — p1). (2.76b)

Note that ¢, ¢1 are bounded, and continuous almost everywhere. Note also that the sgn(¢g(t)) =
—sgn(¢1(t)), which will be used later.
In this subsection the interest is in the case with pu(E{) > 0 for eitheri = 0 ori = 1. A

few lemmas are provided to characterize the system behaviour in such case.

Lemma 11. Let 2 be an optimal trajectory, and assume that p(ES) > 0 fori € {0,1}. Then there

exists ¢; € (LLM, HLL) such that
i(t) = ¢ foralt € B . (2.77)

where Eg is the set of accumulation points of Eé. Furthermore, the two inputs must be satisfying the

following relationship:

G u(t),te EY. (2.78)

uo(t) = 1— e

Proof. Let E} C FEj denote the set of accumulation points of Fj. Note that ,U,(Eé’/) = u(E}),
since B — E’g is the set of isolated points of £ which is countable, and hence has measure zero.
Fort € E!, the p¥(t) = 0, so (o*(t))*) := jt—];(p*(t) = 0 for any integer k& > 0.

W.Lo.g, let i = 0, The equation ¢{j(t) = ¢§(t) = 0 yields pj(t)(1 — zi(t)) = —p3(0),

and pi(t) = 1 — z3(t). In conclusion
pi(t)=1—27(t) =1 — co, (2.79)

where cg is a constant. Since z*(¢) € (0,1), r € (0,1). Hence, p3(0) = —cZ < 0. The same

argument can be repeated when 7 = 1.

Since 1 (t) is constant, then £(¢) = 0 and follows. O

The results above leave the possibility that cg 7 ¢1. The following lemma provides further

restrictions.
Lemma 12. Let 2" be an optimal trajectory. Then:
1 Ifu(E§ N EY) > 0, then EY = E{', and 3¢ € (0,1) such that z(t) = c when't € EJ .
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2. Ifp(E§ N EY) =0, and p(EY) > 0. Then ¢1(t) = 0 and there exists a constant ¢1 # 0 such
that o1(t) = p1 #0ont € Egl. A parallel statement hold be exchanging i = 0 with i = 1.

Proof. The two statements can be proved as follows:

1. Let cg, c1 be given as in Lemma Since ,u(ES N E&) > 0, then ¢y = c1, which also uniquely
determines p2(0), p3(0). Hence, EJ = E}'.

2. The assumptions imply that @§(t) = ¢f(t) = 0 for t € EJ. Using (2.76a),([2.76b), it
can be written that () = 0 if ¢o(t) = 0. Since z(t),p1(t) on EJ are constant hence

01(t) = @1 := c% + A3(0).
O

The last lemma shows that an optimal trajectory has two disjoint case for the singular arcs.
Either each singular arc has both switching functions vanishing together, or only one of them can

vanish at a time.

2.44 Admissible Switching Patterns

In the previous subsection we have shown that the optimal control can either be a bang-
bang or singular. On the singular arc, the controls need to satisfy but the state is constant,
hence the value of the free input has no effect on the dynamics since ; = 0 on all singular arcs. In
general, there can be an arbitrary switching between these cases. In this part, the class of admissible
switching patterns become more restricted.

Assuming that control inputs are piecewise continuous, and hence the switching functions
are piecewise differentiable. An arc is the restriction of the optimal trajectory -2~ onto a maximal
time interval such that the switching functions have a constant sign on that interval. Hence, the
optimal trajectory 2" can be decomposed into a sequences of arcs.

In order to facilitate the discussion we define the concept of an arc sign as an ordered
pair. An arc has a sign s = (sg,s1) € 2 1= {0,+, —}? iff sgn(;(t)) = s; fori = 0,1. Let
s7, s* be the signs of two consecutive arcs. An arc transition is an ordered tuple of arc signs, and is

k — s7. A switching

represented as follows: s/ — s¥. The reverse of an arc transition s/ — s* is s
transition is said to be inadmissible if it can not occur in an optimal trajectory.

Some arc transitions are excluded in the following lemma:

28



CHAPTER 2. PERIODIC FLOW OF RIBOSOMES

Lemma 13. Let 2 be an optimal trajectory. Then the following arc transitions and their reverses

are inadmissible: (+,+) — (—,—), (0,0) = (+,+), (0,0) = (—, —).

Proof. Consider two consecutive arcs with a transition time 7. Hence, there exists € > 0 such that
the first arc defined on a time interval (7 —e¢, 7) with sign (+, +), and second arc defined on (7, 7+¢)
with sign (—, —). Since both switching functions change sign from positive to negative at 7, then we
have D} ¢;(t) < 0,i = 0,1, where D; is the upper right Dini’s derivative at 7[[| This also implies
that 3e5 < e such that ¢;(t) < 0 for ¢t € (7,7 + €2),7 = 0, 1. But this contradicts (2.764),(2.76b)
which imply that sgn(¢o(t)) = —sgn(1(t)). So this means that transition (4, +) — (—, —) can
not be realized by any trajectory, including an optimal trajectory Z .

A similar argument can be provided for all other cases. 0

Let (so, s1) be the sign of an arc. An arc sign’s entry s; is said to be locked to s € . if all
subsequent arcs have signs with s; = s. An arc sign’s entry written as []s means that entry is locked
to s € .. For example, an arc with the sign ((J+, —) means that all subsequent arcs have a sign of
the form (+, s) for some s € .. The notation (sg, s1) — (Os, s*) means that the transition result
in the first entry being locked to s. Similarly (sg, s1) — (s*,0s) means that the second entry will
be locked to s.

The following lemma is based on the notation introduced above:

Lemma 14. Let 2" be an optimal trajectory, and consider two consecutive arcs. Then Vs € ., a
transition of the form (4, s) — (—, +) is equivalent to (+, s) — (H, +). The parallel statements
also hold with (—,s) — (B, —), (s, +) = (+,H), (s, —) = (—, ).

Proof. Consider the transition (+,s) — (—, +), and let 7 be the transition time. Then, ¢g(¢) > 0
on (7 —e2,7) and @o(t) < 0on (7,7 + €1), where €1, 2 > 0 are the duration of each of the two
arcs, respectively. By Lemma([l0} we have uo(t) = ¢,u1(t) = Lfort € (7,7 + £1). Similar to the

proof of the previous lemma, D ¢y(t) < 0, which can be written as follows:

D po(t) = wa(r4)(pr(r) — (1 — 21(7))) = L(pa(7) — (1 = 21(7))) <0, (2.80)

"D o(t) = limsup,, o+ (o(7 + ) — (7)) /.
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Recall that &1 = up — (ug + u1)z1,p = (up + u1)p — uy. Followingont € (7,7 4+ €1) :

/ 4 y4 4
_ s —(+L)(t—7) 4~ o +L)(t—7) , _~
z(t) (m) €+L>e +£+L<<x(7) £+L)e L

(2.81a)

L L
_ LY e L
p(t) (p(f) T L) e t T (2.81b)

where the inequality (2.8Ta)) follows since z(t) > HLL by Lemma@

Consdiering the derivative of the switching function on (7,7 + 1) and use inequalities

(2:8T4), (2-80) as follows:
¢o(t) = L(p1(t) + z1(t) — 1) < L(z(7r) + p(r) — D)eFDET) < 0, (2.82)
Hence, ¢o(t) < 0 on (7,7 4+ €1). From ¢ (7) = 0, and integrating
wo(t) < Ofort e (1,7 +e1). (2.83)

The claim is that this implies that uo(t) = ¢ for ¢ € (7, T]. The proof is: For the sake of contradiction
assume that uo(7 +&1) = L. By Lemmall0] this is only optimal if (7 +¢1) > 0 which contradicts
(2.83) since ¢ is continuous. Hence (+,s;) — (—,+) — (+,s2) is not admissible for any
s1, 82 € . Similarly, (+, s1) — (—,+) — (0, s2) is not possible since it violates continuity of .
Hence (+,s) — (—, +) is equivalent to (+, s) — (H, +).

Similar arguments can be repeated for the other cases. 0

There are other transitions should be excluded. They are stated in the following two

lemmas:

Lemma 15. Let 2~ be an optimal trajectory. Consider two consecutive arcs. The following transition
is not admissible: (+,0) — (—,s), for any s € .. Similarly, (+,0) — (0,s), (—,0) — (+,s),
(_70) — (0,8), (Oa+) - (37 _)’ (07+) - (870)’ (07 _) - (S7+) ’ (07_) - (370) fOV any

s € .. Also, all their reverses.

Proof. W.l.0.g, let’s have the transition (0, +) — (4, 0). Let 7 be the transition time. There exists
e > 0 such that ¢ (t) = 0 for t € (¢,t+ ¢), and (by Lemma[12) ¢1(t) = ¢1 > 0fort € (1 —¢,7).
This implies that ¢4 () is discontinuous at 7; a contradiction. The same argument can be used for the

other cases. O
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Lemma 16. Let 2" be an optimal trajectory, and consider three consecutive arcs. Then, the following
transition is inadmissible: (+,0) — (+,+) — (+,0). Similarly, the following transitions are
inadmissible (07 +) — (+¢+) - (Oa +)’ (_30) — (_a _) — (—,0), (Oa _) - (_a _) - (Oa _)

Proof. Let the arcs be defined on the following time intervals (11 — &1, 71), (71, 72), (T2, T2 + €2) for
some 71, Ty, €1, €2 > 0. Then on the first arc, Lemmagives that x1(t) = ¢o fort € (11 —e1,71).
On the second arc, the system is represented by @ = L(1 — 2x), with 2(71) = ¢, and the third
arc we have x(mp) = ¢o fort € (12,72 + ¢). If ¢y # %, then it follows 7 is discontinuous at 7o;
a contradiction. If ¢y = %, then this implies that =1 (¢) = ¢ on the second arc which implies that
©o(t) = 0 on that arc, i.e it has a sign (0, +); a contradiction. The proof is similar for the remaining

cases. O]

Using Lemma [I2] If an optimal trajectory has an arc with the sign (0,0), then it can not
have arcs with signs (%, 0) or (0, £). Using the above lemmas, there is no cycle possible amongst

the arc signs. So,
Proposition 17. Let 2" be an optimal trajectory. Then, it can not have more than 9 arcs.

The proof consists of starting from an arc sign, and then tracing the longest possible
arc transitions. All such paths will terminate, and the longest one can be found. For instance, if
the optimal trajectory 2 has an arc with sign (0, 0), then the transition diagram is simple. If the

trajectory starts from (4, —) then the longest paths are as follows:

B0
(+’_)H(O’O){EE ;

A similar diagram can be given if the trajectory starts from (—, +). If it starts from (4, +) or (—, —)
then (0, 0) cannot appear, and the diagram will be a subset of the diagram in the second case that
follows.

The second case is when singular arcs can be present but without an arc with the sign
(0,0). The longest path diagram is as follows:

(+, =)+, +)—=(+, 0)=(+, +) (= R (=R R (=NE:)

(+7 E)*’(_a E) *’(07 E) *’(_7 E)ﬁ) (7 E])
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All other transitions that share the first two arcs are subsets of these longer transitions
above. For instance, if the trajectory starts from any of the first three arcs to get a diagram, or it can
eliminate the singular arcs from the diagram above to get admissible trajectories consisting entirely
of regular arcs. Also, the second arc’s sign can be changed to (—, —) and a dual diagram can be

given. Similar transition diagrams can be given when we start with (—, 4) instead.

2.4.5 Suboptimality of admissible switching patterns

In this part, longest path, given in the previous sections, are shown to be suboptimal. The

following tricks helps to reduce the number of cases that were provided in Prop.

Lemma 18. Any trajectory with n arcs that is starting and ending with the same arc can be written

with n — 1 arcs without loss of generality.

Proof. Consider a trajectory that starts with (s1, s2) arc ¢ € (0, 71) and finishes with (s;, s2) arc
t € (T — 72, T). By defining the period between for ¢ € (71, T + tauy). The trajectory starts with

the 2nd arc at time 77 and finishes at time 7" 4 71, where the last arc’s time length is 7| + 7o. O

The following lemma, helps to derive one integral for the four optimal trajectories that

were defined in Prop. (17|and include an arc with sign (0, 0).

Lemma 19. If the optimal trajectory 2 has an arc with sign (0,0), then it can be written in the
Sformof (+,—) — (0,0) — (—, +).

Proof. From the Porp.|17|and Lemma the optimal trajectory 2" that has an arc with sign (0, 0)
can be written in the form of (0,0) — (—,+), (0,0) = (4+,—), (+,—) — (0,0) = (—,+),
and (—,+) — (0,0) — (+,—). The (0,0) — (—,+), and (—,+) — (0,0) — (+, —) trajectories
contradict the periodicity of the optimal trajectory, while and (+, —) — (0,0) — (—, +) is equivalent
to (—,+) — (0,0) — (4, —) by shifting the period to the starting time of the last arc of each
trajectory. O

Now, the cost function of Problem [3|can be driven, for the optimal trajectory that was

defined in lemma[19] Consider that the (+, —) arc switches to (0, 0) trajectory at 1, then switches
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to (—, +) at time 7' — 2. The cost function would be:

1 T
Ji= 2 / s () (1)d, (2.842)
T 0
1 T 1 T—7o 1 T
= — t t)dt + ——— t t)dt + — t t)dt
o monwi g [ wamma L [ wono
(2.84b)
0 + - - tt;
= con(E®) + epm(E) + e u(E) + (e — e )by b )3 —HH (g4
bt bt

Considering the (I0) values for — and + signs of the arc, and ¢y, ¢; for the singular value

sign 0. The boundary conditions (2.63) imply that:
B Lty +co(T — 11— 12) + 12
Uy =

- : (2.852)
! T—7— L
a, = mtal ;1 m2) + L. (2.85b)

2.5 Conclusion

If so, then may be we can call this the “casino effect” the gains are never enough to
compensate for the losses. This means that entertainment to a (non-trivial) periodic signal always
incurs a cost, as the production rate would have been better for constant signals.

An interesting research direction is to prove that for certain general classes of contractive
systems the periodic gain is one. This may be done for example by considering cases where the PMP
is not only a necessary condition for optimality, but also a sufficient condition.

An interesting goal is to derive a simple to test ad-hoc procedure for determining whether
the periodic gain is larger or smaller than one. A simple idea in this direction is for the case of
a single periodic rate, say A(t). Suppose that for a constant rate A\(t) = a the steady-state output

is f(a). Suppose also that f € C?, and that f’(a) > 0. For £ > 0 sufficiently small, then
fla+e)— f(a) =ef'(a) + if”(a) > 0, (2.86)

i.e. when increasing a to a + ¢ we increase the steady state-state by ¢ f'(a) + 5 f”(a). Similarly,
fla—e) - fa) ~ ~2f'(a) + 5 (@) <0, 287

i.e. when decreasing a to a — ¢, to reduce the steady state-state by ¢ f'(a) — % 1" (a). The “total

gain” when q is varied in the range [a — €, a + €] is thus €2 f”(a). The same result is obtained
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when f/(a) < 0. This suggests that if f”(a) > 0 (f”(a) < 0) then the “total gain” is positive
[negative] and it may be expected the periodic gain (for rates that vary around an average a) to be
larger [smaller] than one.

To demonstrate this, note that for the RFM with n = 1 and A = 1, the steady-state
production rate R = f(\g) with

Pp— )\0
fO0) = 175 (2.88)
SO
" o —2

and this agrees with the fact that the periodic gain is smaller than one.

On the other-hand, for the system in Example ??, for u(t) = a, with a > 0, the output

is f(a) :==1/a, so
f"(a) =2a73 >0, (2.90)

and this agrees with the fact that the periodic gain is larger than one.
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Chapter 3
Bispecific T-cell engagers

Bispecific T cell engagers have proven to be a potent antibody design in cancer immuno-
oncology by forming a trinary complex when binding to an immune cell and a cancer cell simultane-
ously. This type of antibody substitutes the role of antigen presenting cells to activate the immune
cells against the cancer cells. T cell engagers should be carefully designed to have maximum potency,
the immune cell-antibody-cancer cell trinary complex concentration, against tumor cells and circum-
vent cytokine storm in the body. A relatively high concentration of the antibody, increases the risk of
cytokine storm, saturates the number of immune cell-antibody and antibody-cancer cell dimers, and
hinders a potent response. A low concentration of the antibody is not sufficient to produce a potent
concentration of trinary complex to activate the immune system against the cancer cells. The purpose
of this study is to quantitatively investigate how the concentration of trinary complex, and distribution
are dependent on the design characteristics of the bispecific antibodies, like the binding kinetics
to the target receptors on the immune cells and the cancer cells. Several antibodies that are either
clinically approved, or currently under clinical/preclinical development process are simulated to
explore if the kinetics can be enhanced with a different design. Moreover, the identifiability analysis
done in this work proves the sufficiency of steady state data for identifiability of the dissociation

rates.

3.1 Introduction

[BiTE has shown an strong cancer immunotherapy strategy in recent years [40-43]). [BITEl
technology has been proposed for treating acute myeloid leukemia [44f], multiple myeloma [45]],

lymphoblastic leukemia [46]], refractory solid tumors [47]], and as a platform for targeted therapy
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across different tumor types [48]. A list of BITEl molecules that were considered in this study is
presented in table[3.1] This list is made by selecting the BITEImolecules that their binding kinetics to
the targets were specified in the literature. More detailed review of the existing or bispecific
antibodies has been recently done recently by [43] 49, |50].

The targeted receptor protein of cancer cells are biomarkers of the cancer cells that have
minimal expression in normal cells to have minimum off target effects. Also, might have
different chemical structure formats with different number of binding sites. The targeted receptor
protein of immune cell is CD3 receptor of T cells for all the BITEs considered in this study.

A three-body model [51]] is what all bispecific antibodies have in common. In the three-
body model a bispecific antibody, binding species, connects to two different target molecules,
terminal species, to form a trinary complex. After the formation of dimers of the first target and
the anibody, the binding kinetics can be changed based on Cooperativity factor to increase/decrease
the binding affinity of the antibody molecule of the formed dimer to the second target. A positive
Cooperativity factor increases the binding affinity, and it can be interpreted as the avidity factor
explained in the bispecific antibody literature [52H55]], where the bispecific antibody is targeting two
different receptors of the same cell type for an increased specificity. The Cooperativity factor can
be neglected in models of bispecific antibodies that are targeting two different cell types like [BITE]
as the dimers are free in the spatial coordinates to bind to the second target. In this study, the first
objective is to evaluate the design characteristics of [BITEs based on the simple model presented in
figure[3.1] The[BITElantibody, X, is targeting receptors on the immune cells, 77 which usually is the

CD3 receptor of T cells, and the protein receptor of cancer cells, 75.
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Kpiw D1+
X_|_T1_|_T2 (—)T
2

% MFI

g —

Figure 3.1: On the left side, the three-body model of BITE, X, T} and T5 are the two target receptors
on immune and cancer cells, D1 and Dy are the dimers of bispecific antibody-immune cell and
bispecific antibody-cancer cell, Y is the trimer complex, and kp; and kpo are the dissociation
constants of the antibody binding equilibrium. The chemical reactions are visualized in a simple
form to provide an intuitive idea of the reactions, specifically 75 (77) is not involved in dimerization
reaction between X and T7(75), i.e. the differential equations presented in do not follow
mass-action kinetics from the visualized chemical reaction network. On the right side, a nominal
bell-shape pattern of the trinary complex Y in fluorescent intensity is visualized as a function of

[BiTEl concentration. Binding kinetics and initial conditions are adopted from [56]).
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In the recent investigations such as [51], |56]] it has been emphasised that the efficacy of
BIiTEl trimer concentration at the cite of action, is a bell-shape function. A relatively low or high
concentration of a[BITElis not effective to produce enough number of trimer complexes to activate
the immune cells against the cancer cells. At a low concentration the [BITEl concentration is simply
not enough to produce a potent concentration of trimer complex Y. At a high concentration the BiTEl
saturates the target receptor proteins on the immune cells and cancer cells, in a way that the dimers
of immune cell -[BiTE, D1, and [BiTEl- cancer cell, D5, increase and limit the number of free targets
to form the trinary complex Y. Besides that, a high concentration of the [BITE| can potentially cause
off target side effects in the body or end up in a cytokine storm of the immune system.

In order to reproduce the bell-shape pattern of the efficacy of the [BITEl to their initial
concentration, four critical parameters are necessary: 1) initial concentration of target 1 77, 2) initial
concentration of 75, 3) binding kinetics/dissociation constant of the to target 1 Kpj, and 4)
dissociation constant K po. The initial concentration of 7} is dependent on the number of T cells
in the body. Most of the [BITEs are targeting CD3 as T (see table [3.1)), therefore the variability
of this target is based on patient to patient immune system variability. The initial concentration
of T5 is dependent on the tumor. As reported by the references presented in table [3.1] the initial
concentration of tumor specific targets are generally considered to be less than 5 x 103/cell, and
might be significantly different because of the fundamental difference across different cancer types.
The main discussion of this study is based on the binding kinetics of the bispecific molecules.

The binding affinity of the[BITElto 77 (CD3 on the T cells) can be significantly smaller,
comparable, or significantly larger than the binding affinity to 75 (targeted receptor protein on
the cancer cells). For example, the binding affinity of Blinatumomab [57]], PF-06671008 [60],
and (7370) [62] to target receptor on the immune cells is great than its binding affinity to tar-
get receptor on the cancer cells. The binding affinities of Acapatamab [[65]], Solitomab [58]],
and PF-07062119 [63] to its targets is in a comparable range. On the other hand, [BITES like
BAY2010112 [59]], Taralatamab [[64], and REGN5458 [[67]] present a larger affinity to the cancer cell
targets in comparison to the immune cell targets.

The binding kinetics of the [BITEl molecules to each of the targets may also effect the
distribution of this type of antibody at different tissues. The bio-distribution of CD3/HER?2 T-cell-
Dependent Bispecific (TDB), or[BITE] has been measured for different range of affinities to CD3 for
the solid tumors in mouse models [61]]. Recent discoveries suggest higher affinities to CD3 (lower
dissociation rate kp1) increases the uptake in T cell tissues, e.g. Lymph nodes, and decreases the

uptake at the cite of action, e.g. Tumor Micro-Environment (TME])). Therefore, lower affinities of
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BiTEl antibody molecules to CD3 is favorable in treatments designed for solid tumors.

In addition to the [BITEl molecules represented in Table [3.1] other molecules are presented
in literature in details. PF-06863135 [[68]] (150 kDa), and AMG420 [45] (54 kDa) are both designed
to target BCMA for patients diagnosed with multiple myeloma. Both of the molecules have similar
dissociation rate to CD3, but different dissociation rate to BCMA, 0.1 and 0.04 nM respectively.
The role of binding kinetics to BCMA is discussed as an important factor in the distribution of
the molecule toward different tissues in [45]. Also, the authors of [[69] discussed the design and
bio-distribution of AMG211 (55 kDa), a CD3/CEA [BIiTE molecule for patients with advanced
gastrointestinal adenocarcinomas. AMG211 has a significantly high dissociation rate to CD3 310
nM in comparison with its dissociation rate toward CEA 5.5 nM. The bio-distributions of these
molecules are compared computationally by [[70] based on two pore pore theory. The number of
molecules in this manuscript are kept limited for the simplicity of the study, and presented
figures.

In the following sections a minimal mathematical model is presented with quantitative
analysis of the molecules that were publicly available in the literature. Although each of the
molecules presented are designed for a different target receptor of cancer cell, the targets are assumed
to be equally expressed on the cancer cell surface to have a quantitative measure of their differences.
At the end, a full quantitative systems pharmacology model of a nominal BiTElis given for a broader
discussion on other parameters that might significantly change the optimal dosing regimen of [BITEl

molecules.

3.2 Three-body model and the importance of binding Kinetics

Three-body model can be considered as a minimal model for the [BITEl antibodies. The
physiological model simulates the instant number of produced trinary complex and the occupancy of
the targeted receptors immediately after exposing the culture of immune cells and cancer cells to the
the BITE antibody. The degradation of the targets and antibody is neglected in this section. This is a
reasonable assumption where the dissociation equilibrium is estimated to happen much faster than
the receptor shedding and antibody degradation processes.

The presented model in Figure[3.1]includes six state variables to model the concentration
of the BiTEl antibody X (), the target receptor on the surface of the immune cells 77 (¢), the target
receptor on the surface of the cancer cells T5(¢), the dimer complex of immune cell-antibody D1 (¢),

the dimer complex of antibody-immune cell D2 (t), and the trinary complex of immune cell-antibody-
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cancer cell Y'(¢). The initial concentration of the dimer and trimer complexes are assumed to be
zero at the starting point D1(0) = D2(0) = Y (0) = 0. The initial concentration of [BITEl antibody
X (t = 0) is the dose concentration that is being discussed in this section. The dynamic formulation

of the three-body problem for [BITE] antibodies can be written the following form.

X = ~kuTh X — kn2ToX + k1 Dy + ko Do, (3.1a)
Ty =~k Ty X + k1 Dy — kyy Ty Do + k1Y, (3.1b)
Ty = —kn2ToX + kpoDo — kyoTo D1 + koY, (3.1c)
D1 =k Ty X — k1 Dy — kpoToDy + koY, (3.1d)
Do = kpoTo X — kyaDo — kyT1 Do + k1Y, (3.1e)
Y =k TiDo + kpoToDy — (kg1 + kp2)Y. (3.1f)

Note, the time functionality of the state variables is dropped for writing simplicity, and the
dot sign on the top of each state variable on the left side represents the time derivative. Model [3.1]
contains only four parameters: k1, k1, kn2, and ko. The parameters reported from the preclinical
measurements, e.g. surface resonance experiment, are based on dissociation constants of the two

binding sites:

kp1 = kg1/kn1, (3.2a)
kpa = kpa/kna. (3.2b)

Dissociation constant kp is enough to estimate the final concentration of each species in a two body
binding solution, and different values of (k,, k) that result in the same dissociation constant result
in a faster/slower reactions to reach to the equilibrium concentration.

The steady state simulation of Model (3.1]) can be a used for preclinical experiments on
a dish where the formed trimer concentration at a constant time, after exposure of the [BITElto the
culture of cancer cells and immune cells, is measured. Figure [3.2]represents numerical simulations
with the same parameters of the Maximum Fluorescence Intensity (MFET) molecule introduced in [56].
Figures[3.2a]and [3.2b]are the results of the same numerical simulation setup, and different range of
input, initial concentration of the [BiTE molecule in the medium. The vertical axis in Figures
and [3.2b]is normalized [MFIl The bell-shape of the trimer projection is the focus of this section which
represent existence of an optimal concentration of [BITE] at the cite of action, e.g. in the [MFI, to

produce the maximum concentration of the trimer complex. Note how different the experimental
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Figure 3.2: Steady state simulations of Model (3-1)). The vertical axis is the normalized to the [MFIl
levels of the variables in the experiments with different ranges of [BITE] antibody initial concentration.
The initial BITEl concentration range, range of horizontal axis values, in (a) is larger than (b). The
plots on the left present the concentrations of the trimer and the targets, and the plots on the right

side present the drug-target dimers concentrations.

results, e.g. Figure [3.2a] vs Figure[3.2b] might look like when reported in [MFI format with different

range of [MEI molecule concentration, drug dose on horizontal axis.

3.3 Identifiability

The structural identifiability analysis of model (3.1]) based on a given drug X (¢), the first
target 7'1(¢) (immune cells receptor), and the second target 7'2(¢) (protein expressed on cancer cells)
data is done. Results shows that all the parameters k1, k1, kn2, and ko are globally and locally
identifiable. The computer software SIAN [71]], structural identifiability was used to confirm this
result. On the contrary, most experimental measurements are done at the steady state [57-60, |62165].

In the remainder of the identifiability analysis performed in this section, it is proved that
the dissociation rates kpy = k1 /kn1, and kpo = k r2/kn2 are identifiable for at most three steady
state measurements. This result eliminates the need for extra measurements, e.g. surface resonance

imaging, to determine the dissociation constants of BiTE molecules.

In terms of state variables Consider a steady state X*, 77", i, Di, D3, Y* of the system (3.1)).
Then the numbers X*, TY, T5, D7, D3, Y™, and kp1, kn2, kg1, ko are related by a system of
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six polynomial equations obtained by setting the left-hand sides of (3.1I) to zero. To compute the
projection of its solution set to (DY, D3, X*, Y™, k1, ky2)-coordinates (by performing elimination

with Grobner bases |72}, Chapter 2, §1]) and find that the projection satisfies the following equation:
(Dikfl + D;k}fz + X*kfl + X*k)fg) (DTD; — X*Y*) = 0.

Since the parameters and concentrations are positive, the left bracket does not vanish, so

D*Dz
X* = 11/ 2 (3.3)

Adding this relation to the original system of six equations and computing the projections to the (D7,
D3, Y™, kgo, kno, T5)- and (D7, D3, Y™, k1, kn1, 17)-coordinates, respectively, it can be obtained
that

(D15 kn, = Y7kp,)(D1 — D3) =0, and (D317 kny — Y7 ky, )(D1 — D3) = 0.

For the generic case D] # Dy,

T1 = leF;, and TQ = kDZDiT (34)
In terms of first integrals The system (3.1]) has three conservation laws, due to the constraints
on the initial conditions: ¢; = T1(t) + Di(t) + Y (t), ca = Ta(t) + Da(t) + Y (¢), and c3 =
X(t) + D1(t) + Do(t) + Y (t). Based on the initial conditions, c3 = X (0). To prove that for every
positive values of ¢y, co, c3, there exists at most one positive steady state, we augment the system

obtained by setting the right-hand sides of (3.1)) to zero with equations
ca—Tf —Di—-Y ' '=co—-T5 —D;—-Y " =c3—X*"—Y*—D7—D;=0. (3.9

Given the obtained system of nine equations to compute the projections (again, using Grobner bases)
of the solution set to the (A, c1, ¢2, ¢3, kp1, kp2)-coordinates, where A is taken to be 77 or T, and

find that these projections satisfy:
(Tl*)Q —+ (63 + kiDl — Cl)Tl* — ClkiDl =0 and (TQ*)Q + (63 + kZDQ — CQ)TZ* — CQ]{?DQ =0 (36)

Consider the first equation as a quadratic equation in 7. The product of the roots is equal to
—cokpa < 0, so at most one of the roots is real positive, so 7" is uniquely determined. The same
applies to 77}. Next, by computing projection to the (D3, T}, T3, c1, c2, c3, kp1, kp2)-coordinates,

to find the following relation for D3:
C3D; + Tl*TQ* — Cng* — ClTQ* + CgTz* + ci1co —cac3 =0, (3.7
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which implies that D3 is uniquely determined. Finally, D}, X*, and Y* are uniquely determined
using the following simple consequences of (3.3):

DI —D3+T7 =Ty —c1+c2 =0, Y'+T5+D5—co =0, and X*+D5—T) +c1—c3 = 0. (3.8)
Two experiments Assuming that three experiments were conducted as described above and the

steady state data (7" 1[i] , T QM, DM) is given for ¢ = 1,2, 3. The identification approach is to consider
the first two experiments. Equations (3.3)), and (3.4)) are used to write the following polynomial

system:
VX = (¢ — T — ylly (e, — 7! — vy, (3.92)
XU = k) (e — T — v, (3.9b)
T2MX i = kpa(ca — sz — v, (3.9¢)
fori = 1,2. (3.9d)

To compute the projection of the solution set of this system to the (kp1, kp2, Tlm, TI[Q],

Tg[l], TQ[Q], X [1}, X m)—coordinates (using Grobner bases) and find relations of the form:
A1k?, + Askpy + A3 =0, and Bikps + Bokp + B3 =0, (3.10)

where Ay, Ao, A3, By, Bs, B3 are polynomials from Q[Tl[i],Ty,X[i] | i = 1, 2]. Furthermore, A;

and B factor as follows:

Ay = xWx B @M xe P x by Mt xR pPpP x ), (3.11a)
By =TT (T x B — 7l x ), (3.11b)
Therefore, A; and B; will not vanish as long as the ratios %, T%, ngpQ are different in the first
two experiments. Equations (3.6), (3.7), and (3.8) yield formulas for the steady state in terms of
kpi,kps,ci1,ca,cg. These formulas are substituted in %, %, Tff& to obtain three non-constant

functions with respect to c3. Therefore, outside of a set of measure zero, A; and By will not vanish.
Thus, (3.10) implies that generically, two experiments are sufficient to find kp; and kps up to at

most two options.

Three experiments For the three experiment case, since the projections above could be computed
[

for the second and third experiment, not for the first and second, if Tll] , TQM , X (1] is substituted

with T1[3], T2[3} , X Bl in the first equation in (3.10), there can be a true relation. This will yield one
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more quadratic equation for kp1, denoted by ﬁl k2D1 + jg kp1 + 113 = 0. If it is not proportional to
the original equation, this will leave at most one value for kp;. A sufficient condition for this non-
proportionality would be A; As — A A3 = 0. To check this, one can plug again the formulas of the
steady state in terms of kp, , kp,, 1, c2, c3 from (3.6), (3.7), and (3.8) and observe that Ay As— A As
is a non-constant function in kp1, kp2, c1, C2, cg], cg], cgg]. Therefore, Algg — glAg Z# 0 outside
of a set of measure zero.Therefore, kp, and kp, are generically uniquely identifiable from three

experiments.

3.4 Optimal binding Kinetics

In this part we investigate the basic characteristics of the bell-shape response, trimer
concentration presented in Figure to have a better understanding of the optimal binding kinetics
of a [BITEl antibody at the site of action, e.g. [TMEL The maximum concentration of the trimer
complex, peak of the bell shape, and its corresponding initial BITE antibody condition are taken
as the main characteristic values of the bell-shape. The first step is to visualize the sensitivity of
the peak of the bell-shape to the dissociation rates of the binding kinetics of the BITEl antibody to
its targets, and target concentrations. The parameters used in this section are based on the model
represented in [56]] for PF-06671008 antibody for solid tumors.

Figure [3.3] represents how change of dissociation rates and initial concentration of the
targets affect the peak of the trimer concentration, and its corresponding [BiTEl antibody concentration.
From the left side of figure[3.3a] sensitivity of the maximum trimer peak to the dissociation rates,
it can be observed that an increase in dissociation rates kpi, and kpo significantly decrease the
peak of the trimer concentration. On the other hand, by looking at the right side of figure 3.3a it
can be observed that the optimal concentration of [BITEl (the corresponding initial concentration of
[BIiTEl antibody at the peak of the trimer concentration) will be decreased by reducing the kp; only,
and increased by increasing either kp; or kpo. This result demonstrates that higher affinity, i.e.
lower value of the dissociation rates, of the [BITEl antibody is not effective in changing the maximum
trimer concentration at the cite of action, i.g. in the[TMEL The sensitivity of the maximum trimer
concentration, and optimal [BITEl antibody initial concentration to the initial concentrations of the
targets on the immune cells 77 (0), and cancer cells T5(0) is visualized in one dimensional plots of
Figure [3.3b] From the left side, it can be observed that the maximum trimer concentration is sensitive
to 7'1(0) and insensitive to 72(0), which physically makes sense since the initial concentration of the

first target, CD3 receptors on the immune system, is much less than the second target, P-cad protein
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on the tumor cells, in the TMEl This results is consistent with the sensitivity analysis presented
by [56]]. Surprisingly, any change above 0.01x, or below 100x in the initial concentration of the target
T4 (0) is not effective in changing optimal BITE] concentration, and significantly changes the optimal
concentration [BITE] antibody.

The dissociation rates kp; and kps are dependent on the design of the [BITE antibody,
while 7'1(0) and 7'2(0) are dependent on the tumor characteristics and variability among cancer
patients. So, from the design perspective it would be ideal if the maximum trimer concentration and
optimal [BITE] concentration be less sensitive to the initial concentration of the targets. From the
toxicity perspective, it would be favorable if a lower concentration of antibody can produce
the same amount of trimer in the In the one dimensional analysis presented in figure [3.3a] the
optimal [BITEl can be decreased as the dissociation rate of the first target kp; becomes smaller, and it
will result in a slightly higher trimer concentration that is favorable for efficacy.

Figure [3.4] extends the one dimensional visualizations presented in Figure [3.3] to two
dimensions. The sensitivity of the maximum trimer concentration is on the left, and the sensitively
of the corresponding initial concentration of the antibody is on the right side. The red color
represents a higher value of the nM concentrations in log scale, and the blue color represents lower
concentrations. The vertical pattern in Figure [3.4a} and the horizontal pattern in Figure are
consistent with the conclusions made from Figure [3.3] Moreover, the contrasting colors in the top
left and the bottom right of Figure [3.4b| suggest that a simultaneous increase in dissociation rates
kp1, with a decrease in kpo is favorable in reducing the required concentration of [BITE antibody
to achieved the peak of the trimer concentration. A cross check between Figures and [3.4b]
indicates that the simultaneous changes in kp1, and kpo to reduce the required trimer concentration
to achieve the maximum concentration might not be favorable in increasing the maximum trimer

concentration at the TMEl

3.5 Comparison between BiTE antibodies

The presented three-body model [3.1]is used here to have a quantitative measure in compar-
ing different CD3 [BiTEl antibody molecules presented in Table The antibody molecules included
in this study are designed for the two general categories of solid, and liquid tumors. Although
each of the molecules might be different in the distribution, metabolism, and pharmacokinetics
characteristics, the three-body model is what they all have in common at the cite of action. Beside

the dissociation constants kp values presented in Table the initial concentration of the targets is

46



CHAPTER 3. BISPECIFIC T-CELL ENGAGERS

s —_
E w2t E
5] 2 L
£ IL__) 10
C 104t fia)
|_ -+t
X o
(EU 1 1 1 © ]_00 | 1 1
107° 10° 10° 107° 10° 10°
kD1*/kD1 kD1*/kD1
z s
o102 S’y
(O]
£ P
= o
'_
X —4 | 45.
(EU 10 1 1 1 o 102 i 1 1 1
107° 10° 10° 107° 10° 10°
kD2*/kD2 kD2*/kD2
(a)

z s
s 1° F S 4t
£ =
F oot p
‘?Zé 8_ 1022 |

104 102 10 102 10t 10% 10?2 1° 12 10?

T1(0)*/T1(0) T1(0)*/T1(0)

- - 1°
< z
5 107 Z)’
£ Eaer
lt +J
% )
Z 10_4 L 1 1 1 1 1 1 1 1

104 102 10 102 10t 10 10?2 1 12 10*

T2(0)*/T2(0) T2(0)*/T2(0)
(b)

Figure 3.3: Log-log plots of bell-shape characteristics: the effects of (a) sweeping [BITE antibody
dissociation rates to the targets and (b) sweeping target concentration in the [TME on the optimal
concentration of trimer and [BITEl The horizontal axes are log scale difference of the modified
parameter (marked with a star*) and its original value. Maximum trimer concentration is the peak of

the bell-shape, and Optimal [BiTElis the corresponding initial antibody concentration of the peak.
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Figure 3.4: Bell-shape characteristics heatmap: the effects of sweeping the [BITE antibody disso-
ciation rates, kp; and kpo, on (a) maximum of the trimer concentration of the bell-shape, and (b)
corresponding, optimal, concentration of the BITE antibody are represented on top. The effect of
sweeping initial target concentrations to (c) the peak of bell-shape, and (d) optimal concentration of
the antibody are presented on the bottom. The colors are plotted in log scale concentrations in nM.
The horizontal and vertical axes are in log scale difference of the modified parameter (marked with a

star*) and its original value.
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necessary for computational simulations of the three-body model. As the initial concentration of the
target receptors is highly dependent of the cancer type and it might vary across different regions of
the tumor, the comparison between the bell-shapes of molecules should be done for different
initial concentrations of the targets.

A visual comparison between the bell-shapes of the molecules considered in this study
is presented in Figure The ratio of the initial concentration of the targets (77 (0) : 72(0)) are
considered to be in the range of 1:10 to 1:1000 for solid tumors (Figure[3.53), and in the range of
10:1 to 1:10 for liquid tumors (Figure [3.5b). It can be observed that in addition to the peak of the
bell-shape, and the corresponding concentration of the antibody, the width of the bell-shape
varies at different ratio of the initial concentration of the targets. For instance the width of the [BITEl
antibody Tarlatamab increases for dense tumor, where the initial concentration of the target proteins
on cancer cells is much more than the target proteins on immune cells.

An analytic formulation of the basic characteristics of the bell-shape is done by [51]]. The
theoretical analysis has been done to understand the sensitivity of the peak of the bell-shape to
binding kinetics of the bispecific antibody to each of the targets. Moreover, the with of the bell-shape
could be approximated by initial concentrations of the targets at the cite of action. The presented
results in this study is to have a quantitative comparisons between the [BITEl molecules. For more
theoretical understanding of the three-body problem, the readers are encouraged to the supplementary
materials of [51]].

The quantitative framework used for comparing bell-shapes of the[BITE|antibody molecules
at different ratios of initial concentration of the targets can be extended to continuous ratios of the
targets. For this purpose, the basic characteristics of the bell-shape are extracted across different
ratios between the targets, and represented in Figure The peak of the trimer concentration is the
maximum of bell-shape (on top), the corresponding [BITE] concentration is the initial concentration of
[BiTEl antibody that results in the maximum of the bell-shape (on middle), and the bell-shape width is
simply the range of the [BITEl antibody concentration that results in at least 50% of the maximum
of the bell-shape (on bottom). For a realistic comparison between the BITEl antibodies design for
solid tumors (Figure , the left hand side of the horizontal axis should be considered, where the
initial concentration of the target protein on cancer cells is much more that the initial concentration
of the target protein CD3 on immune T cells. Similarly, for a realistic comparison between the [BITEI
antibodies designed for liquid tumors (Figure [3.6b), the right middle or right side of the horizontal
should be taken into consideration.

From the three-body model perspective, a promising [BITE] antibody is the one that creates
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Figure 3.5: Numerical comparison between the bell shapes of [BITES designed for (a) solid, and (b)
liquid tumors. The relative concentration of the targets 77 (0) : 75(0) is printed on the top of each

plot. The horizontal axes are in log scale, and the vertical axes are in linear scale.
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Figure 3.6: Numerical comparison between the basic characteristics of the bell-shape response of
different [BITEk designed for (a) solid, and (b) liquid tumors. The top figure represent the value of
the peak of bell-shape, the middle figures represent the corresponding [BITEl antibody concentration
at the peak of the bell-shape, and the bottom figures represent the width of the peak of the bell-shape.
The relative initial concentration of the targets 77 (0)/7%(0) is visualized in log scale of the horizontal

axes.
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the most trimer concentration with the minimal initial concentration of the antibody at the cite of
action. Also, to overcome natural variability among different cancers and patients it is favorable to
have a[BiTEl antibody with minimal variation for different ratios of the initial concentrations of the
targets. So, A [BITEl antibody molecule is effective at the cite of action if it results in: 1) a relatively
higher peak of the trimer concentration, 2) a lower corresponding concentration of the [BiTE]at the
peak of the trimer concentration, 3) a larger width of the bell-shape. Among the molecules presented
in Figure [3.6] it can be observed the [BITE molecules like 7370, and PF-06671008 are outperforming
in creating a large concentration of trimer concentration of tumor with minimal initial concentration.
On the other hand, [BiTEantibody molecule Solitomab, is creating a stable width of the peak for a
wide range of ratios between the initial concentrations of the targets. It is apparent that, stability
across different initial concentration of the targets increases the consistency of the data in clinical

research.

3.6 Bio-distribution

A full dynamic model for [BITEl for in human for Intravenous ([V)) dose is introduced

in [56f. A slightly different version of this model is used here as an starting point.
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T, = —kypT1, + ktcTTh% — km X T1, — kp D1, (3.12d)
WwVe
D1, = k1 X.T1. — k1 D1, (3.12¢)
T2 = ksyn — kdegT2e — kn2XcT2¢ + k2 D2, (3.12f)
D2, = —kep * D20 + kna X T2 — k2 D2,, (3.12g)
: X
X; = k(X — ?t) — k1 T1 Xy — ko T2 Xy + kg1 D1y + ko D2, (3.12h)
€
: 1%
Ty = korTle——— — kyor Ty — kot T1Cy + kp D1y — ky TLD2, + kY, (3.12)
My + M,
T2 = —kpoT2,Cy + ko D2y — kn2T2, D1 + koY, (3.12))
D1, = ky1C.T1. — kpy D1, (3.12k)
D1y = ky1 T14Cy — k1 D1y — kpoT2,D1y + koY, (3.121)
D2y = knoT2Ct + k2 D2y — k1 T1,D2; + k1Y, (3.12m)
Y =k T1,D2; + kpoT2,D1; — (kg1 + kp2)Y, (3.12n)
ko M:(1 — M1+Ma k Y
M, = T ! h ) Jmar My, (3.120)
(14 (72 (M + My))ke)t/ke keso +1
g
kmaz X Y
= 19T 7 My — My /Ky 3.12
2 keso +Y 1 2/kr ( p)

Where X is the concentration of drug, 7" is the concentration of targets, D is the drug-target dimer
concentration, Y is the trimer concentration, and M is the tumor volume intermediate compartment.
All parameters and variables are defined in details in tables [3.2] and [3.3] The dot sign on top of
the variables is a time derivative f (t) = dfd—(tt). The differences between model and the model
presented in [56]] are: 1) an extra medium for representing tissues with high concentration of immune
cells, e.g. lymph nodes, 2) integrating tumor intermediate compartments into the other modules of

the model, and 3) lower number of tumor intermediate compartments for representing the delay.
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Computational resources

SIAN [[71] is used for structural identifiability analysis, and analytical derivations. Nu-
merical simulations and figures are produced with Julia programming language [73]. Differen-
tialEquations package is used numerical calculations [[74]]. The numerical software for reproduc-
ing the figures presented in the manuscript along with more examples is available at https:

//github.com/mahdiarsadeghi/bites.
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Chapter 4
Epidemics

COVID-19, a highly contagious disease, has been spreading between continents and has
already claimed more than 2.5 million lives globally during its first year [75]], and has resulted
in a worldwide economic downturn [76]]. Unsurprisingly, this has sparked a renewed interest in
the dynamical modeling and analysis of infectious diseases, particularly in the control theory and
dynamical systems communities [[77-85].

There has been much recent theoretical work revisiting, expanding, and studying dynamical
and control properties of classical epidemic models so as to understand the spread of COVID-
19 during quarantine and social distancing [[8691]], including studies of (integral) input to state
stability [92], network stability of epidemic spread [93}|94]], and optimal control strategies for meta-
population models [95]]. These models have been used to predict the potential number of infected
individuals and virus-related deaths, as well as to aid government agencies in decision making [96].
Most models are variations on the classical SIR model [97-99]] which have been modified to more

closely predict the spread of COVID-19. Some such extensions are listed below:

1. Expanding the SIR model to include additional population compartments. Such compartments
may describe individuals that are placed under quarantine and/or in social isolation. Other
models explicitly subdivide populations into both symptomatic and asymptomatic infected
individuals [[100-105]], as it is currently thought that COVID-19 is significantly spread through

asymptomatic individuals [1065108]].

2. Modeling the effects of social distancing for an infection aware population. This can be done

by changing the contact rates between the compartments, or by modeling the behavior of a
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population that alters its social interactions because of observed infections or deaths [[109, |110].

The latter technique has recently been applied to COVID-19 [111}|112].

3. Sub-dividing populations into regions, each described by local parameters. Such regions may
be cities, neighborhoods, or communities [[113]]. This framework allows modelers to capture
the virus spread and population mobility geographically [[114-117]. These models have been
recently used to understand the spread of COVID-19 in China [[118]], Italy [[119]], Netherlands
and Belgium [120]], and India [[121}122].

Shortening the period of time that populations are socially distanced is economically
advantageous [76, (123, [124]]. The main objective of this study is to reduce the disease burden (here
measured as the peak of the infected population) while simultaneously minimizing the length of time
that the population is socially distanced.

The starting point in modern epidemiological modeling is the Kermack-McKendrick
model [97,|125]] which is known as the Susceptible-Infectious-Removed (SIR) model. It assumes a

well-mixed homogeneous population, and it can be written as the three-compartment model:

S(t) = —cBS(H)I(t),
I(t) = cBSHI(t) —I(t), (4.1)
R(t) = VI(t),

where S(t), I(t), R(t) refer to the susceptible, infective, and removed individuals at time ¢. The
product b = ¢/ and the parameter -y are called the infection rate and the removal rate, respectively.
We factored the infection rate as b = ¢3, where we call ¢ and [ the intrinsic infection rate and the

contact rate respectively, to emphasize that b depends on both biological and societal conditions.

4.1 Optimal timing

Social Distancing (SD)) as a form of has been enacted in many countries as a form of
mitigating the spread of COVID-19. There has been a large interest in mathematical modeling to
aid in the prediction of both the total infected population and virus-related deaths, as well as to aid
government agencies in decision making. As the virus continues to spread, there are both economic
and sociological incentives to minimize time spent with strict distancing mandates enforced, and/or

to adopt periodically relaxed distancing protocols, which allow for scheduled economic activity. The
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main objective of this section is to reduce the disease burden in a population, here measured as the
peak of the infected population, while simultaneously minimizing the length of time the population is
socially distanced, utilizing both a single period of social distancing as well as periodic relaxation. A
linear relationship is derived among the optimal start time and duration of a single interval of social
distancing from an approximation of the classic epidemic SIR model. Furthermore, there is a sharp
phase transition region in start times for a single pulse of distancing, where the peak of the infected
population changes rapidly; notably, this transition occurs well before one would intuitively expect.
By numerical investigation of more sophisticated epidemiological models designed specifically to
describe the COVID-19 pandemic, we see that all share remarkably similar dynamic characteristics
when contact rates are subject to periodic or one-shot changes, and hence lead us to conclude that
these features are universal in epidemic models. On the other hand, the nonlinearity of epidemic
models leads to non-monotone behavior of the peak of infected population under periodic relaxation
of social distancing policies. This observation led to hypothesize that an additional single interval
social distancing at a proper time can significantly decrease the infected peak of periodic policies,
and verified numerically. While synchronous quarantine and social distancing mandates across
populations effectively minimize the spread of an epidemic over the world, relaxation decisions
should not be enacted at the same time for different populations.

After the shelter-in-place ordinances [126]], social distancing as a form of has been
enacted in the United States [127]], and other countries [[128|129] for reducing the spread of the virus,
as neither herd immunity nor a viable vaccine yet existed [[130]. Many countries have implemented
strict quarantine, isolation, or social distancing policies early in the epidemic [128]], while countries
such as Belarus [131]] and Sweden [132}|133]] have taken more lenient approaches at the onset of the
outbreak. Understanding optimal strategies for social distancing will both “flatten the curve” and
hopefully ease the economic burden experienced due to prolonged economic stagnation [[134-136].
The goal of this section is thus to investigate the response of the disease to different time-varying

social distancing strategies.

4.2 Singular purterbation approach

In order to control highly-contagious and prolonged outbreaks, public health authorities
intervene to institute social distancing, lock-down policies, and other [NPIs. Given the high so-
cial, educational, psychological, and economic costs of [NPIk, authorities tune them, alternatively

tightening up or relaxing rules, with the result that, in effect, a relatively flat infection rate results.
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For example, during the summer in parts of the United States, daily COVID-19 infection numbers
dropped to a plateau. This paper approaches tuning as a control-theoretic problem, starting from
a simple dynamic model for social distancing based on the classical SIR epidemics model. Using
a singular-perturbation approach, the plateau becomes a Quasi Steady State of a reduced
two-dimensional SIR model regulated by adaptive dynamic feedback. It is shown that the can
be assigned and it is globally asymptotically stable. Interestingly, the dynamic model for social
distancing can be interpreted as a nonlinear integral controller. Problems of data fitting and parameter
identifiability are also studied for this model. The paper also discusses how this simple model allows
for a meaningful study of the effect of population size, vaccinations, and the emergence of second

waves.
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